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Abstract. In this paper it is proved that the complete spectral data of self- 
adjoint Schrodinger operators on unbounded domains can be described with 
an associated Dirichlet-to-Neumann map. In particular, a characterization of 
the isolated and embedded eigenvalues, the corresponding eigenspaces, as well 
as the continuous and absolutely continuous spectrum in terms of the lim- 
iting behaviour of the Dirichlet-to-Neumann map is obtained. Furthermore, 
a sufficient criterion for the absence of singular continuous spectrum is pro- 
vided. The results are natural multidimensional analogs of classical facts from 
singular Sturm-Liouville theory. 



1. Introduction 

The Titchmarsh-Weyl m-function associated with a Sturm-Liouville differential 
expression plays a fundamental role in the direct and inverse spectral theory of 
the corresponding ordinary differential operators. It was introduced by H. Weyl 
in his famous work [531 and was further studied by E. C. Titchmarsh in |51j . who 
investigated the analytic nature of this function as well as its connection to the 

.2 

spectrum. For a one-dimensional Schrodinger differential expression +<J on 

the half-line (0, 00) with a bounded, real-valued potential q the Titchmarsh-Weyl 
m-function m(-) may be defined as 

m(A)/ A (0) = f x (0), A e C \ R, 

where fx is the unique solution in L 2 (0, 00) of the equation — /" + qf = A/; equiv- 
alently 771(A) combines two fundamental solutions to a solution in L 2 (0,oo). The 
outstanding role of the function A 1— > m(A) in the direct and inverse spectral theory 
of the associated selfadjoint operators is due to the celebrated fact that the com- 
plete spectral data is encoded and can be recovered from the knowledge of m(-); 
cf . [T5J [5T] . Therefore the Titchmarsh-Weyl m-function became an indispensable 
tool in the spectral analysis of Sturm-Liouville differential operators, as well as 
more general Hamiltonian and canonical systems; for a small selection from the 
vast number of contributions see, e.g., |H El HH HS1 ESI EDI ESI ESI HZ1 HI] for direct 
spectral problems and [TTJ H ED EH E3 ESI EH S3 EH] for inverse problems. 

The aim of the present paper is to develop Titchmarsh-Weyl theory in the mul- 
tidimensional setting for partial differential operators. Our focus is on selfadjoint 
Schrodinger operators on unbounded domains. In our main results we prove that 
the A-dependcnt Dirichlet-to-Neumann map M(A) on the boundary of the domain, 
as the natural multidimensional analog of the Titchmarsh-Weyl m-function, deter- 
mines the spectrum of the selfadjoint Schrodinger operator A = — A + q with a 
bounded, real valued potential q and a Dirichlet boundary condition uniquely. We 
obtain an explicit characterization of the isolated and embedded eigenvalues, the 
corresponding eigenspaces, and the continuous and absolutely continuous spectrum 
in terms of the limiting behaviour of the Dirichlet-to-Neumann map M(X) when 
A approaches the real axis, and we provide a sufficient criterion for the absence 
of singular continuous spectrum. For instance, we show that A is an eigenvalue 
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of A if and only if the strong limit s-lim^o f]M{X + irf) is non-trivial. Our main 
results Theorem 13.21 13.41 and 13.51 extend to other selfadjoint realizations with Neu- 
mann and more general (nonlocal) Robin boundary conditions, and also remain 
valid for second order, formally symmetric, uniformly elliptic differential opera- 
tors under appropriate assumptions on the coefficients. In order to avoid technical 
complications, in this paper we discuss only the case of an exterior domain with a 
C 2 -boundary. The results can be extended to Lipschitz domains and to domains 
with non-compact boundaries; cf. Remark 13.71 We mention that for bounded do- 
mains matters simplify essentially: In that case the spectrum of A is purely discrete 
and it is known that the poles of the function M(-) coincide with the eigenvalues 
of A, see, e.g., g3j and [TP] . 

In the recent past there has been a strong interest in combining and applying 
modern techniques from operator theory to partial differential equations. In the 
context of Titchmarsh-Weyl theory for elliptic differential equations we point out 
the paper [3] by W. O. Amrein and D. B. Pearson, where a typical convergence 
property for Titchmarsh-Weyl m-functions in the one-dimensional situation was 
extended to a multidimensional setting. We also refer the reader to the classical 
works [31 E2 and to the more recent contributions 0I3EJIII3IIE1IM1I251E31 
l34l l42l l44l [46] for other aspects of Titchmarsh-Weyl theory and spectral theory of 
elliptic differential operators. However, to the best of our knowledge no attempts 
were made so far to extend the well-known results on the characterization of the 
spectrum of ordinary differential operators in terms of the Titchmarsh-Weyl m- 
function to elliptic differential operators on unbounded domains. We fill this gap 
in the present paper and provide the natural multidimensional analogs in terms of 
the Dirichlet-to-Neumann map M(X) and its behaviour for A near the real line. 

2. Preliminaries 

Let be an open subset of K n , n > 2, such that R"\f2 is bounded, nonempty, and 
has a C 2 -boundary dfl; for more general settings see Remark 13771 With H s (£l) and 
H s (d£l) we denote the Sobolev spaces of the order s > on and dtl, respectively. 
Moreover, for u £ H 2 (fl) we denote by u\on £ H 3 l 2 {d£l) the trace and by d v u\an £ 
ff 1 / 2 (c?r2) the trace of the derivative with respect to the outer unit normal. 

Let q : fi — > K be a bounded, measurable function. As usual, we define the 
Dirichlet operator A in L 2 (fl) corresponding to the Schrodinger differential expres- 
sion —A + q by 

Au = -Au + qu, domi = {u £ H 2 {£1) : u\ d n = 0} . (2.1) 

It is well known that A is a selfadjoint operator in L 2 (fl) and that the spectrum 
cr(A) of A is bounded from below and accumulates to +oo; cf. [2"2l |2"31 135] , 
Let A belong to the resolvent set p(A) of A and define 

Afx = {u £ H 2 (Q) : -Au + qu = Xu} . (2.2) 

In order to define the Dirichlet-to-Neumann map associated with the differential 
expression —A + q recall that for each A £ p(A) and each g £ i? 3//2 (<9f2) the 
boundary value problem 

-Au + qu = Xu, u\on = 9 (2.3) 

has a unique solution u\ £ H 2 (il); this follows essentially from the surjectivity of 
the trace map H 2 (Q) 9 u h-> u\gn £ H 3 / 2 (d£l). Thus for A £ p(A) the Poisson 
operator 7 (A) from L 2 (dfl) to L 2 (fl) given by 

7 (A).9 = u A , dom 7 (A) = H 3 / 2 (dtl), (2.4) 
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is well-defined, where u\ is the unique solution of (|2.3[) in H 2 (fl). We remark that 
ran7(A) = A/a holds. 

Definition 2.1. For A 6 p(A) the Dirichlet-to- Neumann map M(A) in L 2 (dfl) is 
defined by 

M{X)g = d l/ u x \ dn , domM(A) ^ H 3 ^{dn), (2.5) 

where u\ is the unique solution of (|2.3|) in H 2 (il). 

The following proposition is crucial for the proofs of the main results in the next 
section. 

Proposition 2.2. The linear space 

span {A/a : A G C \ R} (2.6) 

is dense in L 2 (fl). 

Proof. Let us denote by q the extension of the potential q by zero to all of R™ . 
Then 

Au= -Au + qu, domA = H 2 (R n ), 

is a selfadjoint operator in L 2 (R") which is semibounded from below by the essential 
infimum of q; it is no restriction to assume that A has a positive lower bound fi. 
Choose a function v G L 2 (R n ) such that v\q = 0, and define := (A — A) _1 w 
for A 6 C \ I. Then the restriction of to satisfies Ua,« € H 2 (il) and 
— Aua,5 + q u x,v — Ama,5, thus ma, 5 S A/a for all A G C \ R. 

Let u G L 2 (f2) be orthogonal to A/a for all A G C \ R and let u denote the 
extension by zero of u to R". Then, in particular, 

° = ( u -. u Xv) = (^-^) _1 «) L 2 (R „) = {(A- X)- l u,v) L2(Iln) 

for all A G C \ R, where (•, •) and (•, -)l 2 (r™) are the inner products in L 2 (f2) and 
L 2 (R"), respectively. Since this identity holds for an arbitrary v G L 2 (R n ) with 
v\q =0, it follows 

(A-\y 1 u = on W l \n (2.7) 

for all A G C \ R. 

Following an idea of [5J Section 3] we consider the semigroup T(t) = e~ tAl/2 , 
t > 0, which is generated by the square root of the uniformly positive operator A. 
Then 1 1— > T(t)u is twice differentiable and we have 

^T{t)u = AT{t)u 

for t > 0, which implies 

+q(x))T(t)u(x) = 0, ie l",i>0, (2.8) 

in the distributional sense. In particular, by elliptic regularity, (x, t) i— > T(t)u(x) 
belongs locally to 7? 2 on R ra x (0, oo). Moreover, Stone's formula for the spectral 
measure E(-) of A and (|2.7D yield that 

E((a, b))u = lim — / ((A- (y-i£)) _1 S- (A- (y + ^e)) _1 uJdy 
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vanishes on R™ \ fi for all a < b such that a, b are no eigenvalues of A. Consequently 
we have 

T(t)u= / e- t ^dE{\)u = Q on R" \ Q 

for each t > 0. Therefore the function (a;, t) M> T(t)u(x) vanishes on R n \fi x (0, oo). 
From this and (|2.8p it follows by a unique continuation argument that T(t)u(x) = 
for all (x,t) G R" x (0,oo); see, e.g., g5J Theorem XIII.63]. Thus T(t)u vanishes 
identically on R" for alH > and, taking the limit t \ 0, we obtain u — 0. This 
implies u = and hence the linear space (|2.6p is dense in L 2 (il). □ 

Remark 2.3. The proof of Proposition 12.21 shows that also span{WA : A E D} is 
dense in L 2 (il) with D = {x + iy : x G R, < |y| < e} for an arbitrary e > 0. In 
fact, with the help of Runge's theorem it can be shown that C \ R in (|2.6D can even 
be replaced by an arbitrary nonempty, open subset of p(A) . 

Remark 2.4. The statement of Proposition 12.21 is equivalent to the fact that the 
symmetric restriction 

Su = —Au + qu, dom5 — {u € domA : d v u\da = 0} , 

of the Dirichlet operator in L 2 (fl) is simple or completely non-self adjoint; cf. [I] 
Chapter VII-81] and [37]. The same property is known to hold for the minimal 
operator realizations of certain ordinary differential expressions which are in the 
limit point case at one endpoint, see [31] . 

3. Titchmarsh-Weyl theory for Schrodinger OPERATORS: 

A CHARACTERIZATION OF THE DlRICHLET SPECTRUM 

In this section we show how the isolated and embedded eigenvalues as well as 
the continuous spectrum of the Dirichlet operator A in (|2.1I) can be recovered 
from the limiting behaviour of the Dirichlet-to-Neumann map M(A) in (|2.5[) when 
A approaches the real axis. Moreover, we characterize the absolutely continuous 
spectrum of A and prove a criterion for the absence of singular continuous spectrum. 

As a preparation we recall some statements on the Poisson operator 7(A) in (|2.4p . 
the Dirichlet-to-Neumann map M(A), and their relation to the resolvent of A. Their 
proofs are similar to the proof of [TU1 Lemma 2.4] and will be omitted. We also 
mention that in more abstract settings analog formulas are well known, see pj [20] • 

Lemma 3.1. Let A,£ G p(A), let 7(A), 7(C) be the Poisson operators in (|2.4p . and 
let M(X), M(Q be the Dirichlet-to-Neumann maps in (|2.5p . Then the following 
assertions hold. 

(i) 7(A) is a bounded, densely defined operator from L 2 (dfl) to L 2 (f2). Its 
adjoint 7(A)* : L 2 (Q) — > L 2 (dQ) is given by 

7 (A)* U = -d v ((A - A) -1 it) |an, u e L 2 (n). 

(ii) The identity 

7(A) = (/+(A-C)(A-A)- 1 )7(C) 

holds. 

(iii) The relation 

(C - A) 7 (C)*7(A) 5 = M(X)g - M (0*0, 9 € ff 3/2 (dtt), 
holds and M(A) C M(A)*. 
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(iv) M(X) is a densely defined, unbounded operator in L 2 (dQ) and satisfies 

M(A) = ReM(C) - 7 (0* ((A — Re £) + (A — Q(\ - Q(A - A)- 1 ) 7 (C); (3.1) 

in particular, the limit lim^o r)M{ji + ig)g exists in L 2 (dQ) for all g, G M 
and all g £ H 3 / 2 {dfl). 

Observe that (I3.1[) also implies that the function M(-) is strongly analytic on 
p(A). In the following we agree to say that the function M(-) can be continued 
analytically into A £ R if and only if there exists an open neighborhood O of A 
in C such that the L 2 (dfl)- valued function M(-)g can be continued analytically to 
O for all g G H 3 ^ 2 (dfl). We say that M(-) has a pole at A if and only if there exists 
g G H 3 / 2 (dfl) such that M(-)g has a pole at A. The residual of M(-) <rf A is defined 
by 

(Res A M) 5 := Res A (M(-) 5 ), 5 £ H 3 ' 2 {d£l), 

where Res A (Af (-)g) is the usual residual of the L 2 (<9fJ)-valued function M(-)g at A. 

In the next theorem we denote by s-lim the strong limit of an operator- valued 
function. Moreover, we denote by cr v (A) and o- c (A) the set of eigenvalues and the 
continuous spectrum of A, respectively. The following theorem is the multidimen- 
sional analog of the main theorem in [TB] and of [351 Theorem 2] , where several ODE 
situations were considered; see also [ST]. The proof of item (i) is partly inspired 
by abstract considerations in [2T] ; the characterization of the isolated and embed- 
ded eigenvalues in the items (ii) and (iii) uses methods from the more abstract 
works [911401. 



Theorem 3.2. Let A be the selfadjoint Dirichlet operator in (|2.1I) and let M(X) be 
the Dirichlet-to- Neumann map in (|2.5[) . For A G R the following assertions hold. 

(i) A G p(A) if and only if M(-) can be continued analytically into A. 

(ii) A G o~p(A) if and only if s-lim^o gM(X + ig) 0. If X is an eigenvalue 
with finite multiplicity then the mapping 

t : ker(A- A) -> ( ]im r}M(X + ir})g : g G H 3/2 {dn)\, u^d v u\ dn , (3.2) 

is bijective; if X is an eigenvalue with infinite multiplicity then the mapping 
t : ker(A- X) -4 cl T { \imgM(X + ig)g : g G H 3/2 (dn)\, u^d v u\ dn , (3.3) 

is bijective, where cl T denotes the closure in the normed space ranr. 

(iii) A is an isolated eigenvalue of A if and only if X is a pole of M(-). If X is 
an eigenvalue with finite multiplicity then the mapping 

t : kcr(A — X) — > ran Kes\ M, u n- d,yu\dn, (3-4) 

is bijective; if X is an eigenvalue with infinite multiplicity then the mapping 

t : kei(A — X) —> cl r (ran Res\ M), u M> <9„u|dn, (3.5) 

is bijective with cl r as in (ii) . 

(iv) A G o- c (A) if and only if s-lim^o r\M (A + ig) = and M(-) cannot be 
continued analytically into X. 

Proof, (i) It follows from Lemma \3. II (iv) that M(-)g is analytic on p(A) for each 
g G H 3 / 2 (dQ). In order to verify the other implication, note first that the identity 

^(A.,,-^,. + "® _ "M (3 . 6) 

(z-v){C-z) (z-Q(C-u) {z-v)((-v) 
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holds for (,1s, z G p(A) satisfying z ^ v, z ^ £, and y ^ (. Indeed, Lemma \'3. II (ii) 
together with the first statement in Lemma 13.11 (iii) implies 

7(0 - z) y(v) = = = 

z — V \ Q— z Q — v 

and an easy computation yields (|3.6[) . Let us assume that M(-) can be continued 
analytically to some Ael, that is, there exists an open neighborhood of A such 
that M(-)g can be continued analytically to O for each g G H 3 ^ 2 (dfl). Choose 
a, b cr p {A) with A G (a, 6) and [a,b] C O. The spectral projection E{{a,b)) of A 
corresponding to the interval (a, 6) is given by 

E((a, b)) = lim — / (M - (t + i^r 1 - (A - (t - iS))' 1 ) dt, (3.7) 
s\o 2m J a 

where the integral on the right-hand side converges in the strong sense. Let us fix 
v G C \ R. From and §H\ we obtain 

(E((a,b)) 7 (v)gMOh)=0 (3.8) 

for all g,h € H 3 ^ 2 (dfl) and all £ € C\R, C ^v, since (M(-)g, h) admits an analytic 
continuation into O for all g, h G iJ 3//2 (<9fi), where (■, ■) is used for both the inner 
products in L 2 (f2) and L 2 (dft). By Proposition 12.21 and Remark 12.31 

span {7(C)/i :(eC\I,(^,/i£ ff 3 / 2 (,9fi)} 

is dense in L 2 (ft), thus $53$ implies E((a,b))j(u)g = for all .9 G H 3 / 2 (dti). 
Since ^ was chosen arbitrarily in C\R another application of Proposition l2~2l yields 
E((a,b)) = 0. This implies A G p{A). 

(ii) We prove that the mapping r in (|3.3|) is bijective for all A G R; from this it 
follows immediately that A is an eigenvalue of A if and only if s-lim^o T]M (X+irj) ^ 
0. Let us fix A G R. We prove first that the restriction r of the trace of the normal 
derivative to ker(A — A) is injective. Let u G ker(^4 — A) with d u u\gn — 0. Then, 
denoting the extensions by zero of u and q to all of R™ by u and q, respectively, we 
have u G £T 2 (R") and 

(-A + q- X)u = 0. 

By construction u vanishes on the open, nonempty set R™ \ f2. Hence unique 
continuation implies u — 0; cf. [45] Theorem XIII. 63]. Thus u — and we have 
proved the injectivity of r. 

In order to prove the surjectivity of r note first that for each ( G C\l and each 
u G kcr(v4 — A) the identity 

ru = d v u\ dn = d v {{A - l)~ l {A - ()u) \ 9n = (A - C)d v ((A - O^u) \ m 

= (C-A)7(C)*« 

holds by Lemma T3. II (i). where 7(C) is the Poisson operator in <\2A\ : hence, 

ranr = ran (7(C)* t ker(A - A)) , (eC\R. (3.9) 
In order to prove that r in (13.31) is surjective, we set 

Ja := { lim r]M(X + vq)g : g G H 3/2 {dn)\ 

and show that 

Ja C ran (7(C)* \ ker(A - A)) C J\, (eC\l. (3.10) 
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Let us fix some ( 6 C \ K. If we denote by Pa = E({X}) the orthogonal projection 
in L 2 (Q) onto ker(A - A) then for v G C \ M and g G H z / 2 (dVt) we have 



!/ -il{A}(*) 



d(E(tyr(u)g,7(u)g) 



\(r)(A - (A + irj))- 1 - iP x )i(y)g[ . , . . 

and hence the dominated convergence theorem yields 

lim rj(A - (A + ir])y 1 j{v)g = iP\l{v)g- 
n\o 

The formula p.6p and the continuity of 7(C)* imply 

^ r,M(X + ir,)g = _ x 

(A-i/)(C-A) »»\o ' m; v v UJ n ,y (3.11) 

for all 7^ C and all g G H 3 / 2 (dfl). Thus 

JA=ran(7(C)* t span {P A 7(% : ^ G C \ R, 1/ / C,5 G ^ 3/2 (50)}). (3.12) 
It follows from Proposition 12.21 and Remark 12.31 that 

span{P A7 (% : v G C \ M, v ± (, g £ H 3 / 2 {dn)} 

is dense in ker(A — A), and, hence, from (|3.12[) and the continuity of 7(C)* we 
obtain (|3.10l) . Furthermore, with (|3.9p we have F\ C ranr C F\. Since the closure 
c1 t (J 7 a) of J-\ in the normed space ranr (equipped with the norm of L 2 (dfl)) 
coincides with the intersection of the closure T\ (in L 2 (dft)) with ranr, that is, 
c1 t (J-"a) = F\ H ranr, we conclude ranr = c\ T {F\). Therefore r is surjective and, 
hence, bijective. Clearly, if dimker(A — A) is finite then equality holds in (|3.10[) 
which leads to the bijectivity of (|3.2p and completes the proof of (ii). 

(iii) Let A be an isolated point of a (A). Then there exists an open neighborhood 
O of A such that z (->■ (A - z) _1 is analytic on O \ {A}. Thus, by (i), M(-) is 
analytic on O \ {A} in the strong sense. Moreover, A G cr p (A) and by (ii) there 
exists g G H 3 / 2 (d£l) such that lim^o ir)M{\ + ir\)g ^ 0. Hence A is a pole of Af (•) 
and it follows from (|3.ip and the corresponding property of the resolvent of A that 
the order of the pole is one. Thus the limit 

]im(z - \)M(z)g = Rcs A M(-)g 

z— >\ 

exists for all g G H^/ 2 (d£l) and coincides with lim^o irjM{X + irf)g. Therefore (|3.5p 
is a consequence of (|3.3p . Analogously, p. 41) follows from (13.21) . If, conversely, A 
is a pole of M(-) then there exists an open neighborhood O of A such that M(-) 
is strongly analytic on O \ {A} but not on O. Hence, (i) implies A G cr(A) and 
O \ {A} C p(A); in particular, A is an eigenvalue of A. 

(iv) Since a c (A) = C\ (p(A) Ucr p (A)), the statement of (iv) follows immediately 
from (i) and (ii). □ 

The next theorem shows how the absolutely continuous spectrum of the Dirichlet 
operator A in (12.11) can be expressed in terms of the limits of the function M(-) 
towards real points. The result is well known in the onedimensional setting for 
Sturm-Liouville differential operators. In a more abstract framework of extension 
theory of symmetric operators in Hilbert spaces and corresponding Weyl functions 
a similar result was proved in |J5]. We present a somewhat more direct proof 
avoiding the integral representation of a Nevanlinna function. We will make use of 
the following lemma, which can partly be found in, e.g., the monograph [50 . Here, 
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if fi is a finite Borel measure on R, we denote the set of all growth points of jjl by 
supp/i, that is, 

supp^i n((x — e,x + ej) > for all e > 0}. 

Moreover, for a Borel set % C R we define the absolutely continuous closure (also 
called essential closure) of x by 

clac(x) ■= {x e R : \{x - e, x + s) D x\ > for all e > 0}, 
where | ■ | denotes the Lebesgue measure. 

Lemma 3.3. Let /i be a finite Borel measure on R and denote by F its Borel 
transform, 

F(\)= [ -L-dii(t), A £ C \ R. 

Let /i ac and [i s be the absolutely continous and singular part, respectively, of fi in the 
Lebesgue decomposition [i = /^ac+Ms; and decompose [i s into the singular continuous 
part /i sc and the pure point part. Then the following assertions hold. 

(i) supp^ ac = cl ac ({x e R : < lmF(x + iO) < +oo}). 

(ii) The set M sc — {x £ R : ImF(x + iO) = +oo, lim^^o yF{x + iy) = 0} is a 
support for /Lt SC} that is, ^t sc (R \ M sc ) = 0. 

Proof. Item (i) can be found in [501 Lemma 3.15]. In order to verify item (ii) let 
us set 

m w \ ,. fi((x- e,x + e)) 
(D f i)(x) = lim — 

s\0 IE 

for all x € R such that the limit exists (finite or infinite). By 50, Theorem A. 38] 
the set [T)\x)(x) = +00} is a support for /i s and (Dfi)(x) — +00 implies 

Imf(i + iO) = +00, see [SOI Theorem 3.23]. Consequently, also 

{x e R : Im F{x + iO) = +00} 

is a support for fi s . Moreover, note that i(i({x}) — Hm y \^o yF(x + iy) holds for all 
indeed, 

\yF(x + iy) - ifi({x})\ < \ 

by the dominated convergence theorem. In particular, /i({x}) = if and only if 
lim^o yF(x + iy) = 0. Thus the claim of item (ii) follows. □ 

Now the absolutely continuous spectrum of A can be characterized in the same 
form as for ordinary differential operators. 

Theorem 3.4. Let A be the selfadjoint Dirichlet operator in (|2.ip and let M(A) be 
the Dirichlet-to- Neumann map in (|2.5[) . Then the absolutely continuous spectrum 
of A is given by 

<J ac {A)= (J cl ac ({x e R : < - hn(M{x + iO)g,g) <+oo}). (3.13) 

g<£H : >/ 2 {dn) 

Ln particular, if a < b then (a, b) D a ac {A) = if and only ifhn(M(x + i0)g, g) = 
holds for all g £ H 3 ^ 2 (dfl) and for almost all x £ (a, b). 

Proof. Let us set 

V:= [i(Qg:g ei/ 3/2 (ffi),CeC\l} = |J A^ c , (3.14) 

Cec\R 



t — (x + iy) 



dn(t) ->• 0, y \ 0, 
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where A/"^ is defined in (I2.2j) . By Proposition ^. 2l span T> is dense in L 2 (f2). Following 
standard arguments the absolutely continuous spectrum of A is given by 

cr ac (A) = (J supp^v ac = (J supp/i 7(C )g !ac (3.15) 

with fi u := (E(-)u,u) for it £ L 2 (S1), where S(-) denotes the spectral measure of A. 
With the help of the formula (|3.1[) we compute 

Im(M(a; + iy)g, g) 

= -y||7(C).9l| 2 - (\x - CI 2 - V 2 ) Im ({A -(x + l y))- 1 7 (C)5, 7(C)<?) 

- 2{x - Re C)y Re ((A - (x + l2 /))" 1 7(C)ff, 7(C)fl) , (3-16) 

for all ar e E, y > 0, 5 e H 3 / 2 {dQ) and ( e C \ I. Moreover, 

yRe((A-(x + z 2/ ))- 1 7 (C) 5 , 7 (C)g)= / ^ a <TOh(C)g,7(C)g) 

converges to zero as y \ by the dominated convergence theorem. Therefore (|3 . 1 6[> 
implies 

Im(M(x + i0)g, g) = -\x - C| 2 Im ((A - (x + iO))- 1 ^, 7 (C)s) , (3.17) 

in particular, 

{i£l:0< - lm(M(x + iO)g,g) < +00} 

= {x e E : < Im ((A - (x + iOfi-^Qg, 7(0.9) < +00} (3.18) 

holds for all g € H 3/2 (dfl) and all £ 6 C\E. Note that the Borel transform of the 
measure ^ 7(c)ff = (E(-)-f(()g,j(()g) is given by 

^W* + iy) = I t -(t+ iy ) d{mi{ ° 9 ' l{ ° 9) 

= {(A-(x + iy))-^(0gn(C)9), xeR,y>0. (3.19) 

Hence Lemma I3T31 (i) implies 

supp M 7 (c) ff , ac = cl ac ({a; G E : < Imf 7(()s (i + iO) < +00}) 

= cl ac ({x e IR : < Im ((A — (x + iOjJ-^Off, 7(0$) < +^}) 

and with the help of (|3.18[) we conclude 

supp^ 7(c)giac = cl ac ({s e E : < -Im(M(a; + i0)g,g) < +00}). 

Now the assertion (|3 . 13[) follows from p,15[) . 

It remains to show that (a, b) n a ac (A) — if and only if Im(M(x + i0)g, g) = 
for all g € H 3 / 2 (dfl) and almost all x 6 (a,b). For abbreviation set 

M ac ( 5 ) := {iel:0< -lm(M(x + iO)g,g) < +00}, g e H 3/2 {dVt). 

If (a,b) ncr ac (A) = 0, then 

= cl ac (M ac ( ff )) n (a, 6) = cl ac (Mac(ff) n (a, 6)) 

by (|3.13[) for each g £ iJ 3 / 2 (<9f2). Therefore, for each g and each x € (a, 6) there 
exists e > such that 

|(i-£,i + £)nM K (j)| =0. (3.20) 

Note that for each g 6 H 3 ^ 2 (dfl) and each ( e C\R the set 

Im(M(a: + i0)g,g) = -00} = Imf l(( ) 9 (i + iO) = +00} 

is a support for A i 7 (^) 9 , s and, thus, a set of Lebesgue measure zero; cf. the proof of 
Lemma 1331 Hence ([3301 implies lm(M(x + i0)g,g) = for all g E H 3 ' 2 (dn) and 
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almost all x G (a,b). The converse implication follows immediately from (|3.1 3p , 
since the absolutely continuous closure of a set of Lebesgue measure zero is empty. 

□ 

Next we formulate a sufficient criterion for the absence of singular continuous 
spectrum within some interval in terms of the limiting behaviour of the func- 
tion M(-). Again the onedimensional counterpart for Sturm-Liouville operators 
is well known; an abstract operator theoretic version is contained in [13] . 

Theorem 3.5. Let A be the self adjoint Dirichlet operator in (|2.ip . let M(X) be the 
Dirichlet-to- Neumann map in (|2.5[) . and let a < b. If for each g G H 3 ^ 2 (dfl) there 
exist at most countably many x G (a, b) such that 

lnx{M(x + iy)g,g) -co and y(M(x + iy)g, g) —t as y\0 (3.21) 

then (a,b)no- sc (A) = 0. 

Proof. As in the proof of Theorem 13.41 we have 

<?sc(A) = [J supppi 7 ( C)9!SC (3.22) 

7(C)ffGI> 

with V defined in (pHlj) and ^ 7(c)g = CE(-)7(C)ff,7(OsO- From (|3~2T|) it follows 
with the help of (13TTT) and (|3~TT1) that for each g G H z / 2 {dVL) and each (eC\l 
there exist at most countably many x G (a, 6) such that 

Im ((A - (x + i y))- 1 7 (C)5, 7(0<?) -> +°° (3-23) 

and 

y ((A - (a + i y))- 1 7 (0ff, 7(C)ff) -> (3.24) 

as y \ 0. By Lemma EO fii') and (I3.19[) the set of those x satisfying p.23[) and (|3.24[) 
forms a support of /U 7 (c) ff ,sc- It follows that /U 7 (f) 9 ,sc h as a countable support in 
(a, 6) for each 7(C)<? £ 2?- Since the measures A* 7 (f) fl , S c do not have point masses, 
we have (a, 6) fl supp A* 7 (^) s ,sc = f° r au 7(C)ff £ ^ an d, hence, (I3.22p yields 
c7 sc (A)n(a,6) = 0. ' □ 

As a corollary of the theorems of this section we provide sufficient criteria for the 
spectrum of the Dirichlet operator A to be purely absolutely continuous or purely 
singularly continuous, respectively, in some interval. 

Corollary 3.6. Let A be the Dirichlet operator in (|2.1[) . let M(A) be the Dirichlet- 
to-Neumann map in (|2.5I) . and let a < b. Moreover, for all x G (a, 6) let 

s-lim yM{x + iy) = 0. 

Then the following assertions hold. 

(i) If for each g G H 3 ^ 2 (dQ) there exist at most countably many x G (a, 6) 
such that lm(M(x + iQ)g,g) = — oo, then <j{A) n (a, 6) = cr ac (A) n (a, &). 

(ii) Iflm(M(x + i0)g,g) = holds for all g G H 3 / 2 (d£l) and almost all x G 
(a, 6), t/ien a (A) D (a, 6) = a sc (A) D (a, 6). 

Remark 3.7. The main results of the present paper, Theorem l3.2l as well as The- 
orem 13.41 and Theorem 13.51 remain true when the Dirichlet operator A is replaced 
by the selfadjoint operator in L 2 (Q) subject to a Robin type boundary condition 

Qu\du = d„u\ dn , 

where is a selfadjoint, bounded operator in L 2 (dft), and M(X) is replaced by 
the corresponding Robin-to-Dirichlet map Mq(X) = (9 — Af(A)) -1 . Moreover, the 
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results can be carried over to more general second order uniformly elliptic, formally 
symmetric differential expressions of the form 

n n 

C = - d i a jkd k + ( a i d J ~ d fii) + a 

j,k=l 3=1 

under suitable smoothness and boundedness conditions on the coefficients a,jk, a,j, a, 
1 < ji k < n, and to domains with less regular (e.g. Lipschitz) boundaries. Further- 
more, it suffices to consider a local version of the Dirichlct-to-Neumann map on a 
part of dft; cf. [TU] for more details in the case of a bounded domain ft. Finally we 
remark that unbounded domains with non-compact boundaries can be treated in 
almost the same way. 

Acknowledgement. J. Behrndt gratefully acknowledges the stimulating atmo- 
sphere at the Isaac Newton Institute for Mathematical Sciences in Cambridge 
(UK) in July and August 2012 where this paper was completed during the re- 
search program Spectral Theory of Relativistic Operators. The authors wish to 
thank A. Strohmaier who draw their attention to the article [5] and gave a very 
useful hint for the proof of Proposition 12 . 21 in its present form. 

References 

[1] N.I. Akhiezer and I. M. Glazman, Theory of Linear Operators in Hilbert Space, Dover pub- 
lications, 1993. 

[2] D. Alpay and J. Behrndt, Generalized Q-functions and Dirichlet-to- Neumann maps for el- 
liptic differential operators, J. Fund. Anal. 257 (2009), 1666-1694. 

[3] W. O. Amrein and D. B. Pearson, M -operators: a generalisation of Weyl-Titchmarsh theory, 
J. Comput. Appl. Math. 171 (2004), 1-26. 

[4] N. Aronszajn, On a problem of Weyl in the theory of singular Sturm- Liouville equations, 
Amer. J. Math. 79 (1957), 597-610. 

[5] C. Bar and A. Strohmaier, Semi-bounded restrictions of Dirac type operators and the unique 
continuation property, Differential Geom. Appl. 15 (2001), 175—182. 

[6] J. Behrndt, S. Hassi, H. de Snoo, and R. Wietsma, Square-integrable solutions and Weyl 
functions for singular canonical systems, Math. Nachr. 284 (2011), 1334-1384. 

[7] J. Behrndt and M. Langer, Boundary value problems for elliptic partial differential operators 
on bounded domains, J. Funct. Anal. 243 (2007), 536-565. 

[8] J. Behrndt and M. Langer, Elliptic operators, Dirichlet-to- Neumann maps and quasi bound- 
ary triples, London Math. Soc. Lecture Note Series 404 (2012), 121-160. 

[9] J. Behrndt and A. Luger, An analytic characterization of the eigenvalues of self-adjoint 
extensions, J. Funct. Anal. 242 (2007), 607-640. 
[10] J. Behrndt and J. Rohleder, An inverse problem of Calderdn type with partial data, Comm. 

Partial Differential Equations 37 (2012), 1141-1159. 
[11] C. Bennewitz, A proof of the local Borg-Marchenko theorem, Comm. Math. Phys. 218 (2001), 
131-132. 

[12] G. Borg, Uniqueness theorems in the spectral theory of y" + (A — q(x))y = 0, Den lite 
Skandinaviske Matematikerkongress, Trondheim, 1949, pp. 276—287. Johan Grundt Tanums 
Forlag, Oslo, 1952. 

[13] J. F. Brasche, M. Malamud, and H. Neidhardt, Weyl function and spectral properties of self- 
adjoint extensions, Integral Equations Operator Theory 43 (2002), 264-289. 

[14] B. M. Brown, D. K. R. McCormack, W. D. Evans, and M. Plum, On the spectrum of second- 
order differential operators with complex coefficients, R. Soc. Lond. Proc. Ser. A Math. Phys. 
Eng. Sci. 455 (1999), 1235-1257. 

[15] B. M. Brown, G. Grubb, and I. Wood, M-functions for closed extensions of adjoint pairs of 
operators with applications to elliptic boundary problems, Math. Nachr. 282 (2009), 314—347. 

[16] B. M. Brown, M. Marietta, S. Naboko, and I. Wood, Boundary triplets and M-functions for 
non-selfadjoint operators, with applications to elliptic PDEs and block operator matrices, J. 
Lond. Math. Soc. (2) 77 (2008), 700-718. 

[17] B. M. Brown and R. Weikard, A Borg-Levinson theorem for trees, Proc. R. Soc. Lond. Ser. 
A Math. Phys. Eng. Sci. 461 (2005), 3231-3243. 

[18] J. Chaudhuri and W. N. Everitt, On the spectrum of ordinary second-order differential oper- 
ators, Proc. Royal Soc. Edinburgh 68 (1969), 95-119. 



12 JUSSI BEHRNDT AND JONATHAN ROHLEDER 

[19] P. Dcift and R. Killip, On the absolutely continuous spectrum of one- dimensional Schrddinger 

operators with square summable potentials, Comm. Math. Phys. 203 (1999), 341—347. 
[20] V.A. Derkach and M.M. Malamud, Generalized resolvents and the boundary value problems 

for Hermitian operators with gaps, J. Funct. Anal. 95 (1991), 1-95. 
[21] A. Dijksma, H. Langer, and H. de Snoo, Eigenvalues and pole functions of Hamiltonian 

systems with eigenvalue depending boundary conditions, Math. Nachr. 161 (1993), 107-154. 
[22] D.E. Edmunds and W. D. Evans, Spectral Theory and Differential Operators, Clarendon 

Press, Oxford, 1987. 

[23] L. C. Evans, Partial Differential Equations, American Mathematical Society, Providence, RI, 
1998. 

[24] F. Gesztesy and M. Mitrea, Nonlocal Robin Laplacians and some remarks on a paper by 
Filonov on eigenvalue inequalities, J. Differential Equations 247 (2009), 2871-2896. 

[25] F. Gesztesy and M. Mitrea, A description of all self-adjoint extensions of the Laplacian and 
Krein-type resolvent formulas on non-smooth domains, J. Anal. Math. 113 (2011), 53-172. 

[26] F. Gesztesy, R. Nowell, and W. Potz, One- dimensional scattering theory for quantum systems 
with nontrivial spatial asymptotics, Differential Integral Equations 10 (1997), 521-546. 

[27] F. Gesztesy and B. Simon, Uniqueness theorems in inverse spectral theory for one- 
dimensional Schrddinger operators, Trans. Amer. Math. Soc. 348 (1996), 349-373. 

[28] F. Gesztesy and B. Simon, A new approach to inverse spectral theory. II. General real po- 
tentials and the connection to the spectral measure, Ann. of Math. 152 (2000), 593-643. 

[29] F. Gesztesy and B. Simon, On local Borg-Marchenko uniqueness results, Comm. Math. 
Phys. 211 (2000), 273-287. 

[30] D. J. Gilbert and D. B. Pearson, On subordinacy and analysis of the spectrum of onedimen- 
sional Schrddinger operators, J. Math. Anal. Appl. 128 (1987), 30-56. 

[31] R. Gilbert, Simplicity of linear ordinary differential operators, J. Differential Equations 11 
(1972), 672-681. 

[32] G. Grubb, A characterization of the non-local boundary value problems associated with an 
elliptic operator, Ann. Scuola Norm. Sup. Pisa (3) 22 (1968), 425-513. 

[33] G. Grubb, Distributions and Operators, Graduate Texts in Mathematics 252, Springer, New 
York, 2009. 

[34] G. Grubb, Perturbation of essential spectra of exterior elliptic problems, Appl. Anal. 90 
(2011), 103-123. 

[35] D. Hinton and K. Shaw, Titchmarsh- Weyl theory for Hamiltonian systems, Spectral Theory 
and Differential Operators, North-Holland Publishing Company, 1981, pp. 219-231. 

[36] A. Kostcnko, A. Sakhnovich, and G. Teschl, Weyl-Titchmarsh theory for Schrddinger oper- 
ators with strongly singular potentials, Int. Math. Res. Not. 2012 (2012), 1699-1747. 

[37] M. G. Krein, Basic propositions of the theory of representation of Hermitian operators with 
deficiency index (m,m), Ukrain. Mat. Zh. 1 (1949), 3-66. 

[38] M. Langer and H. Woracek, A local inverse spectral theorem for Hamiltonian systems, Inverse 
Problems 27 (2011), 055002, 17 pp. 

[39] J. L. Lions and E. Magenes, N on- Homogenous Boundary Value Problems and Applications, 
Volume 1, Springer, 1972. 

[40] A. Luger, A characterization of generalized poles of generalalized Nevanlinna functions, 
Math. Nachr. 279 (2006), 891-910. 

[41] V. A. Marchenko, Sturm-Liouvillc Operators and Applications. Operator Theory Advances 
Applications 22, Birkhauser, Basel, 1986. 

[42] M. Marietta, Eigenvalue problems on exterior domains and Dirichlet to Neumann maps, J. 
Comput. Appl. Math. 171 (2004), 367-391. 

[43] A. Nachman, J. Sylvester, and G. Uhlmann, An n-dimensional Borg-Levinson theorem, 
Comm. Math. Phys. 115 (1988), 595-605. 

[44] O. Post, Spectral Analysis of Graph-like Spaces, Springer Lecture Notes 2039, 2012. 

[45] M. Reed and B. Simon, Methods of Modern Mathematical Physics. IV: Analysis of Operators, 
Academic Press, New York, 1978. 

[46] V. Ryzhov, Weyl-Titchmarsh function of an abstract boundary value problem, operator col- 
ligations, and linear systems with boundary control, Complex Anal. Oper. Theory 3 (2009), 
289-322. 

[47] B. Simon, m-functions and the absolutely continuous spectrum of one- dimensional almost 
periodic Schrddinger operators, Differential equations (Birmingham, Ala., 1983), 519, North- 
Holland Math. Stud. 92, North-Holland, Amsterdam, 1984. 

[48] B. Simon, Bounded eigenf unctions and absolutely continuous spectra for one- dimensional 
Schrddinger operators, Proc. Amer. Math. Soc. 124 (1996), 3361-3369. 

[49] B. Simon, A new approach to inverse spectral theory. I. Fundamental formalism, Ann. of 
Math. 150 (1999), 1029-1057. 



13 



[50] G. Teschl, Mathematical Methods in Quantum Mechanics, Graduate Studies in Mathematics 
Vol. 99, American Mathematical Society, 2009. 

[51] E. C. Titchmarsh, Eigcnfunction Expansions Associated with Second-order Differential Equa- 
tions, Part I, Second Edition, Clarendon Press, Oxford, 1962. 

[52] M. I. Vishik, On general boundary problems for elliptic differential equations, Trudy Moskov. 
Mat Obsc. 1 (1952), 187-246 (Russian); translation in Amer. Math. Soc. Transl. 24 (1963), 
107-172. 

[53] H. Weyl, Uber gewdhnliche Differentialgleichungen mit Singularitdten und die zugehdrigen 
Entwicklungen willkurlicher Funktionen, Math. Ann. 68 (1910), 220-269. 



Institut fur Numerische Mathematik, Technische Universitat Graz, Steyrergasse 30, 
A-8010 Graz, Austria 

E-mail address: behrndt@tugraz . at and rohlederStugraz . at 



